11. cviceni - resSeni

Priklad 1 (a)
L je definovano pro x # kr, k € Z. Ma smysl tedy integrovat jen na intervalech (kx, (k+1)7), k € Z.

sin x

1 —sinx —sinz
/ - dx:|y:cosm,dy:—sinazdx|:/ — d:L':/2CL’L':
sinx —sin®z —(1 —cos?x)

1
:/yQ—ldy

Parcialni zlomky: y21—1:ﬁ+y% — 1l=Ay+A+By— B — A+B=0,A-B=1
1 lin. 1 1 1 1 | 1
dy = —= | —dy+= | —dy=—=1 1]+ =1 -1
/y2—1y 2/y+1y+2/y_1y 5 logly +1| + 5 logly — 1|

1 1 1
- dxéflog]cosa:—l\—flog|cosx—i—1|
sin x 2 2

— /
Priklad 1 (b)
Ziejmé je vnitiek integralu definovéan pro vSechna x € R.
Plati nasledujici:

9 sin”
tan“ x = 3
COS* X
2 ].
tan“z+ 1= 3
COs? x
1
2
cos“yr = ———
tan?x + 1
. 1 tan2z+1—1 tan?
sinr=1—cos?z=1— =

tan2z+1  tan?z+1 - tan?z + 1

1 1 cos?x 1
/_zld:c—y—tanx,dy— 5 da?—/,4 ———dr =
sin® ¢ + cost x cos? x sin®*x + costx cos’zx

1 2 2 2
y2+1 1 (y° +1) /y +1
/(zﬂ )+ (A )” [ = [ e
y2+1 y2+1

Rozklad 3* + 1 pomoci finty z reciprokych rovnic.
Vizte: https://www2.karlin.mff.cuni.cz/~ portal /komplexni cisla.dp/?page=rovnice-reciproke

1
Yyt 1 =12 <y2+2>
Y
z=y+- = F=y"+2+
Y Y
1
— y2—|——2:z2—2:<z—\/§> (Z—l—\@)
4
1 1 1
= y4+1=y2(y2+y7)=y2(z—\/§) (z+x/§)=y<y+y—\/§>y<y+y+\/§> =
z(yz—y\@Jrl) (y2+y\/§+1>
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Trojéleny 42 #+ yv/2 + 1 jiz nelze rozlozit (zaporny diskriminant).
Paricalni zlomky:

y?+1 Ay + B Cy+D

(V2 —yv2+1) (PP +yv2+1) (¥ +yv2+1)
> +1=(Ay + B) <y2—y\/§+1>+(0y+D) (y2+yx/§+1)

(2 —yv2+1)

y? +1=Ay® — Ay*V2 + Ay + By? — Byv2+ B + Cy> + Cy*V2 + Cy + Dy* + Dyv2 + D
P +1=y(4+C)+y* (-AV2+ B+ CV2+ D) +y (A— BV2+C+DV2) + B+ D

Porovnanim koeficientti dostavame:

¥ = 0=A4+C — —A=C == A=0

= 1=-AV24+B+CV2+D == 1=2CV2+B+D == C=0

y = 0=A—BV2+C+Dv2 2

1
B=D=-=

W — 1=B+D = .

Mame tedy: A:C:O,B:D:%.

= 0=Vv2(D-B) = B=D

2
y +1 1in.1/ 1 1/ 1
dy=:[——r—dy+: | ——dy=
/y4+1y 2) g2+t 2) o1

NS
ey

2

dy =

dy =

1

V2

V2

1 1
- Tdy"’_ o BN2
y+-5 y—-3

z:\/§<y+\f>,dz=\f2dy,u:\/§<y?),du:\@dy

1 1 1 1 ¢ 1 1
=— | ——dz+ — / ——du = — arctanz + — arctanu =
¢§/z”+1 V2 ) u2+1 V2 V2

= i arctan v/2 (y + ﬁ) + i arctan v/2 <y - ﬁ)

V2 2 V2 2
1 2 1 2
= \ﬁ arctan v/2 (tanx + \2[> + E arctan v/2 (tana: — {) =
1 1
= — arctan (\/itanx + 1) + — arctan (\@tanx — 1)
V2 V2
-, 3
Piiklad 1 (c) [ F5-%

Podminky: sinz # 2 - plati vzdy.
Z navodu: R(z,y) = lyd

—R(sinz, cosz). Budeme tedy volit substituci y = sin x.

Pak chceme spocitat [ R(sinz, cosz)dz.

Plati, ze R(sinz,— cosz)
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1 — sin? 1-
/ cos’ s :|y:sinx,dy:cosa:dx|:/( sl 'a:)cosxdx_/ v dy =
2 —sinx 2 —sinx 2—y
3
/ dy—/y+2+dy:]z:y—2,dz:dyhny+2y—|—3/dz:
y— 2 2 z

5 +2y+3logly — 2| =

y
c Y2 1> sin? x
:?+2y+3log]2\ + 2sinz + 3log |sinz — 2|

Piiklad 1 (d) [

Vs&imnéme si, ze

dx

je deﬁnovéno vSude.

2—cosx

2—cosz

Dale, pokud R(z,y) = 2 m tak pocitame [R(sinz,cosz)dz. Pricemz neplati ani jedno z néasle-
dujictho: R(—sinz,cosz) = —R(sinz,cosx), R(sinx, —cosz) = —R(sinz,cosx), R(—sinz, —cosz) =
R(sinz,cosx). Proto (dle navodu z teorie) provedeme substituci: ¢t = tan 3. Odvodme si vztahy pro
sin x, cos x, dx vzhledem k této substituci:

t = tan ~
= tan —
2
2z 2z
9 T sin® 5 2T sin” 5 1 .
tan 5_0082% = 1+ tan 5 —1—1—0082% = o2 (Pythagorova véta)
= cos’ = = 1
2 1—|—tan2§
1 1 T 1 2
dt = sdo = (T+tan? D) de = 5 (14 ) de — dt = d
cos2Z 297 T 2 s ) do =5 (146 do 1+ 12 !
x T z sin £ T x 1 2t
— si 27):2-7 T oM 2T oy _
sin x sm( 5 sm2cos2 COSgcos an2 1+tan% 11
1 1
COSl‘:COS(Qf):COS2§—SIH2E—COS2£—(1—COSZE>=7— 1—-— ) =
2 2 2 2 2 1+ t2 1+ ¢2

1 1+¢2—-1 1—1¢2
1+t 1482 142

Pouzijme tedy tuto substituci pfi vypocetu zadaného integralu.

_ / 1 2 2 / 1 2 q
= 2 29 T | ey dt =
PR A fl—l—t

1+t 2 2
dt= [ — =2 ( — V3, dy = V3dt
/1+3t21+t2 /(\/375) y=V3t,dy =3

= 53 arctan (\/gt) = 53 arctan (\/3 tan 5)

1 T 2
. dr=lt—tanl, 2 _dt—=d
/2—cosxx ’ Mo Ty e o

11n 2
\f/ 2+1 :\/garctany:

Priklad 1 (e) [ jroimpde
Opét m je definovano vsude.

Pro racionélni funkci R(z,y) = H% plati: [ 1+Siﬁdx = [ R(sinz,cos z)dz. Navic plati: R(—sinz, — cosz) zl
R(sinz, cosx). Volme tedy substituci ¢ = tanz.
Podobné jako vyse se odvodi, ze dx =

2 t2 2. 1
1+t2dt sin“x = T2 Cos" T = op
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1 1 1 1 241 1
/_zdx: t =tanz,dr = ——>5dit :/ o th:/ ;_ 5 sdt =
1+sin“z 1+¢ 1+1-t-7 14+t 1+t=+t21+t
1

1 lin. 1
= —dit = —_——5 ‘ == t[ dy = fdt / —— arctany =

1
—— arctan (\/5 tan :c)
V2

1
= 7 arctan(v/2t) =

Piiklad 1 (f) [ —1——

Podminky: cosz #0Asinz #0 = z # k3, k € Z.

Pro R(sinz,cosz) = ——L—— plati: R(—sinz,cosz) = —R(sinz,cosx). Volme tedy substituci:

COsS I+ sm x
t =cosz.

1 . —sinx —sinx
/_3dac = [t =cosz,dt = —sinzdz| = [ ————5—dz = 5y dr =
cos T - sin® x —cosx - sin*x —cosz - (1 — cos?z)

-1
- i

Parcialni zlomky:

~1 ~1 _é+B+C+D+E
HE2 =12 tt+1)2(t—12  t  t+1 (t+1)2  t—1  (t—1)?

—1=A> =12+ Btt+1)(t —1)? + Ct(t — 1)> + Dt(t — 1)(t + 1)® + Et(t + 1)
—1=A(t* —2t> +1) + (t — 1)*(Bt* + Bt + Ct) + (t + 1)*(Dt* — Dt + Et)

—1=At* = 24> + A+ (#* = 2t + 1)(Bt* + (B + O)t) + (t* + 2t + 1)(Dt* + (E — D)t)
—1=At" = 24> + A+ Bt + (B + C)t® — 2Bt®> — 2(B + C)t* + Bt* + (B + C)t + Dt'+
+ (E — D)t® +2Dt3 + 2(E — D)t? + Dt* + (E — D)t

~1=tYA+B+D)+t*(B+C -2B+E — D +2D)+
+t*(—2A—2B—-20+B+2E—-2D+D)+t(B+C+E—-D)+ A

Porovnanim koeficientt dostatame soustavu:

1
A+B+D=0 = B+D=1 = B=D=
~B+C+D+E=0= E+C=B-D

1 1 1
—2A—B—20—D+2E:01g42—§—20—§—2020:>—4C:—1:>C:Z
B+C+F-D=0 — F+C=D-B = D-B=B—-D — D=B — E=-C
—1=A

Resenf soustavy je: A= —1,B = %,C: %,D = %,E: —i
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/_1 de / tytrt 11 L1 |substituce|
— —— — — — — — = [(Substituce| =
t(1 —t2)? t o 2t+1 4(@t+1)2 2t—1 4(t—1)2

¢ 1 11 1 11
S loglt|+ ~loglt+ 1| — ~—— + ~loglt — 1|+ =
ogltl+ 5 loglt+ 1] = 7= +5loelt — 1+ 17—
lt+1—(t—1) 1 1 2 1 ) )
=-——~ + -1 t+1)(t—1)| —logl|t| = -=—— + = (log|t* — 1| — log|t*]) =
4 ¢—1t+1) +20g\( +1)( )| — log [t] 4152*1-?-2(0g| | — log |t*])
R BN 1 o \/m L e/ 50
— 52 1)\ 5 10 == O, _ = — lo) —
22 —-1) 2 & 2(cos?x) — 1 & cos? x 2sin? SV cos2z

L +log |t |
= — og|tan x
2sin? z &

Piiklad 1 (g) [ 2% dz

Podminky: sinz # -1 = z # 37” + k21, k € Z.
Pro R(sinz, cos ¥) = {757 neplati ani jedno z nasledujictho: R(—sinz,cosx) = —R(sinz, cosx), R(sinz, — cos x) :
—R(sinx,cosz), R(—sinx, —cosx) = R(sinz,cosz). Proto (dle navodu z teorie) provedeme substituci:

t= tan%.

. 2t 2

sinz x 2 112 2 / 4t 14+t
Y e =t =tan S, de = ——dt| = [ 2= g4 = : dt =
/1—|—sinx v ‘ D S T ‘ /1+ 21442 Q22 142+ 2

1+4+¢2
4t
= dt
/ (t2+1)(t+1)2

Parcialni zlomky:

4t _At+B  C D
B+t +1)2 241  t+1 (t+1)?2
dt=(At+B)(E +2t+ 1)+ Ct+1)(t*+ 1)+ D + 1)

A4t = A3+ 2A2 + At + B> + 2Bt + B+ Ct3 + Ct+ Ct*+ C+ Dt* + D

Porovnanim koeficientt dostatame soustavu:

0=A+C = C=0
0=24+B+C+D = 0=24 — A=0

4=A+2B+C == 4=92B — B =2
0=B+C+D — 0=24+0+D = D=-2

4t lin. 2 -2 1
/(t2+1)(t+1)2 /t2+1 ‘|‘/ (t—1—1)2 ly +1,dy ] arctan /y2 Y

c 1 1 €T 1 €T 2
== QaI‘Ctant + 2; == Qarctant + Qm == 2arCtan <tan 5) + 2@ == 25 + ta:a%i_i_l ==
2

ijtan%—i—l
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Piiklad 1 (h) [ 22024y

24-cosz
2—sinx z «
Seoss J€ definovano vSude.

2
2 —sinz z 2 212 2 M2
/dm:‘t:tan dzzdt‘:/mdt:/ Lt dt =
’ 2 1—¢2 2 24224112 2
24 cosx 2 1+t 2+1+t21+t Wl—i_t
_/2t2—2t+2 1+¢* 2 t_/2(2t2—2t+2)
N 1+t 243 1+t2 ) (24+1D)(t2+3)

Parcialni zlomky:

42 — 4t + 4 At+B Ct+D
Er0E+3)  2+1 " £+3
42 — 4t +4 = (At + B)(t* + 3) + (Ct + D)(t* + 1)
At — 4t +4 = At® + 3At + Bt* + 3B+ Ct* + Ct + Dt* + D

Porovnanim koeficientu dostavame:

0=A+C = C=-A == C=2
4=B+D == D=4

4 =3A+4C = —4=24 — A=-2
4=3B+D =% 0=2B = B=0

442 — At + 4 in —2t 2t + 4
/<t2+1)(t2++3) tlz‘/Mdt+/tzigdt:}y:t2+1,dy:2tdt,z:t2+3,dz:2tdt\:
1 1 1
=— /[ =d “de44 [ ——dt=
[y [z [

?+3 ¢
< —log|t? + 1| + log |t> + 3| + 4V/3 arctan u = logﬁ +4\/§arctan% =

t 1 1
u 7 u 7 og |y| + log |2| + \/g/u2+1 u

tan?Z +3 tan £
og 27920 + 4v/3 arctan 2
tan® 5 + 1 V3

Piiklad 1 (i) [ ;e

s2 43 sin? x

Vnittek integralu je definovan vsude. JelikoZ pro R(z,y) = Hzlyxgﬁ plati, ze R(—x,y) = —R(z,y),
tak volime substituci: ¢t = cosz.

Z Pythagorovy véty plyne prvni rovnost nize.

-3 -3 2
—(1—t
/ Sut — da::/Sma;d:r::t:cosx,dt:—sinwdﬂ:/()dt:
1+ 4cos?x + 3sin’ x 4+ cos?z

4+t2
t2 -1 t2—1+5—-5 1 1 5 1
+ + + (5) +1
t 1 ) 1 D ) t
:)yZQ,dy:2dt :t—4-Q/yQdeét—2arctany:t—2arctan2:

COST

5
= CcosxT — 5 arctan
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Piiklad 1 (j) [ 3sizlzteos’s g,

. ) sin? 243 cos? ¢
Vnitfek integralu je zfejmé definovan vsude.
. in? 2 . . . ) oo
ProR(sinz, cosz) = % plati, ze R(—sinx, — cosx) = R(sinx, cos z). Proto volime substituci
t = tanx. Integrujeme tedy jen na intervalech (=% + km, § + km), k € Z.

Nize prvni rovnost plyne z Pythagorovy véty.

2
21 +1 1

1+ 2co2z © ' | ’ /14—21#2 241

dt =

/3sin2x+cos2a: /281n2x+1
sin?2 + 3cos2x

dt

_/2t2+1+t2 1+ ¢ 1 dt_/ 3t + 1
N 1+1¢2 T+2+2 241 ) #2+3)(#2+1)

Parcialni zlomky:

3t2+1 At+B Ct+D
E13)E+1)  £+3 241
3t2 + 1= (At + B)(#* + 1) + (Ct + D)(#* + 3)
3t +1 = At + At + Bt* + B+ Ct*> + 3Ct + Dt* + 3D

Porovnanim koeficientti dostavame:

0=A+C

3=B+D = 3=B-1—=— B=4

0=A+3C = 0=20 = C=0 = A=0
1=B+3D =% 1=3+2D = 2D=-2 = D=—1

3t2 +1 i 1 1 4 1
t= ——dt— | ——dt=- | ————dt — arctant =
/ + d lln.4/ d / d / . d
(t2+3)(t2+1) t2+3 241 3 <t> 1
i) T

t 1 4+/3 1 4
=|lu=—7,du= dt‘ = I/Qdy — arctant =
V3 V3 3 y2+1

4/3 t 43 tanx 4/3 tanx
= T arctan — — arctant = —— arctan — arctantanx = arctan —— — x

V3 3 V3 3 V3

arctany — arctant =

Piiklad 3 (a) [ 8%

z—zxlogx

Podminky: = > 0,z # 0,z # e.

1 1 1 1
/ngd:n:/()gxd:n: y=logz,dy = —dx :/ydy:
x—zxlogx x1l—logzx x 1—y

—141 in. —1 1
:/del:/—ldy—i-/dy:|u:y—1,du:dy\:—y—/du:
1—y y—1 U

< _y—loglul=—y—log|ly—1| = —logz — log|logz — 1]

Piiklad 3 (b) [ -mris—de

e fer—2
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Podminky: €%* + % —2 = (e® — 1)(e* +2) #0 = x # 0.

1 1 1
dx:/dx: =%, dy = e°da :/d

Parcialni zlomky:

1 1 A B c
VP ry-2) yutdu-1 y yt2 y-1
1=A(y’+y—2)+Byly—1) + Cy(y +2)
1= Ay? + Ay — 2A + By? — By + Cy® + 2Cy

Porovnanim koeficientt dostavame:

3 1 2 1 1 1
0=A+B+(C = C 2:> 313 5

1+3 1 1
0=A-B+2C — :—§+C 5 +2C — 3C=1 = C=-

1:—2A:>A:—%

1 lin. 1 1 1 1
Ay Zdy+ 701 -
/y(y2+y—2)y 2/yy+6/y+ / V=

1 1 1 1 1 1 1
= —610g|y] + glog|y+ 2| + glog|y -1 = —§log(ex) + 6log(ex +2)+ §10g|e$ -1 = —5z+ glog(e:E +2)+ glc

Poznamka: symbolem log mame na mysli pfirozeny logaritmus.

Priklad 3 (c) [ dx

Podminky: = > 0.

Yz
Vz+Vz

1
dxr = ’y = Yz, dy = Zx_%dx

4 3
[2 — [t [y
v+ /x y+y y+1

1 4 4
:4/y —y—i—l—?dy—gy — 2y + 4y — log\y—|—1|:§\/x3—2\/5+4\4f—10g\{‘/§+1]

Piiklad 3 (d) [ V;‘”Ljid

Podminky: 22 +3 >0 = 2 > -3 a2 +3-22=0 = =z # 3,z # —1. Vnitfek inte-
gralu je tedy definovan na [ 3 —1) (-1 3) (0,00). M4 tedy smyl integral uvazovat na intervalech

(=3,-1),(~1,3),(3,00). >

2
V21 +3+z y? -3 1 /y—l—y_3
VA o gy = [y =22 + 3, —ady = ——da| = [ L2 ydy =
Vz+3—-z | 2 Y= oz +3 =

2y +y* -3 /—y3—2y2+3y / —8y — 12
/2y—y2+3yy Y2 — 2y —3 4 4 +y2—2y—3y
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Paricalni zlomky:
A B

—8y — 12 —8y — 12
Y Y
y+1

¥’ -2y-3 (y-3)(y+1) y-3
—8y—12=A(y+1)+ B(y —3)
—8y—12=Ay+ A+ By—3B

Porovnanim koeficientu dostavame:

—-8=A+18B
—12=A-3B
Odectenim rovnic dostdvame 4 =4B =— B=1,A=-8—-1=-9.
—8y —
—y — 4+Td :———4y 9 7dy+ 7dy—

2
< —%—4y—9log\y—3|+log\y+l\:

2 3
_ ot —4v2x + 3 — 9log|V2x + 3 — 3| + log (V2z + 3 + 1)

D)

Priklad 3 (e) [ ©5e dx
Podminky: e?* #1 = 32 #0 = 2 #0

3 3_1 1
vty :/y Tyl -

4x 2z
e +e
/631_1dx:y:ex,dy:exdﬂ:/yg_ 71

lin. y+1
= d
y+/y3—1 Yy

Parcialni zlomky:

A By+C

2

-1 -2 +y+1 y
y+1=Ay*+Ay+ A+ By* —By+Cy—C

y+1=y*(A+B)+y(A-B+C)+A-C

Porovnanim koeficientu dostavame:

0=A+B = —-B=A

1=A-B4+C 22 1A+ A4+ 41 — 34=2 — A=

1=A-C = C=A4-1
1

wl

4 . _ 2 2 _
Méme tedy: A=35,B=—-35,C=—
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y+1 2/ 1 1/ 2y +1 2
S dy = s —dy—5 [ 5———=ju= 1.du = (2 Ddy| =
y+/y3—1y Y 3 ) 1Y T3 ) g ju=y’+y+1du=(2y+1)dy|
2 1 1 [ 2 1 9
—yt+Zlogly—1)—= [ “du<y+Zlogly — 1] — =1 1l =
y+30gly | 3/uu y+30g|y | 30g\y oyt

2 1
=e + glog|ex— 1| — = log(e** +e” +1)

3
Piiklad 3 (f) [ mdx
1 1 ! 1 1
/ dz = |y =logz,dy = —dx :/dy: u=logy,du= —dy :/du:
xlog z - log(log x) T ylog(y) Y U

= log |u| = log |logy| = log | log(log )|

Priklad 3 (g) [ 1,/%2dx

Provedeme substituci ¢t = ﬁ—fg} Vyjadifeme nejdiive x v zavislosti na t.
2 3% 42
t? = T — tz-3)=24+2 = z(t?-1)=2+3t> = x:i
x—3 2 -1
Zderivovanim ziskaného vztahu dostaneme vztah pro dz a dt:
6t(t2 — 1) — (3t> +2)(2¢ 613 — 6t — 613 — 4t —10t
dr = ( ) +2)( )dt = dt = dt
(=17 =17 GRSIE

t2—1 —10t
= “t- dt =
3t2 +2 (t2 —1)2

1 [z+2 x+2 3t2 42 —10¢t
= dz = |t =/ = de = ———dt
/:): -3 z-3" " -1 (t2 —1)2

_/ —10¢? &t
) @2 -1)(3t2 +2

Parcialni zlomky:

—10¢? 7 —10¢? _ A, B Ci+D
t2—-1)(3t2+2) (t—Dt+1)Bt2+2) t—1 t+1 3242
—10t% = (At + A)(3t* + 2) + (Bt — B)(3t* +2) + (Ct + D)(t* — 1)

— 1012 = 3At3 + 2At + 3At> + 2A + 3Bt + 2Bt — 3Bt> — 2B+ Ct®* — Ct + Dt* — D

Porovnanim koeficientt dostavame:

0=34+3B+C

~10=3(A—B)+D

0=24+2B-C

0=2A—-B)-D

(2,4) = D=-10-3(A-B)=2A-B) = A—-B=-2 = A=B-2D=-4

L 0=6B-64+C=4B-4-C — C=0,B=1
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Regenf soustavy: A =—-1,B=1,C=0,D = —4.

—10¢2 1 1
/ L =iy =
(t2—1)(3t2+2 t—1 t+1 3t2 + 2

2v/2 \/§
=—logl|t—1 log |t + 1| — t —t =
og| | + log |t + 1] \/garcan 5
T +2

-3

—1lo ”x+2_1 —2\/§arctan % z+2
BV -3 V3 2Vaz—3

Posledni integraly jsme jSpocetli jako jiz mnohokrat diive - substituci a tpravou vyrazu...

—i—log‘

Priklad 3 (h) [ 1= yidx

1— 1
/Fd%‘:\t=v6$+1,t3=vm+1,t2:\/3x+1,x:t6—1 — dz = 6t°dt| =
1—Yr+1

_/1—t3 6654z — /6t5(t—1)(t2+t+1)dt_/6t7+6t6—|—6t5dt
1 —t2 (t+1)(t—1) B t+1

6 6 6
:/6t6+6t46t3+6t26t+6dt;t7+

6,5 6,0, 64 6
t+1 75 4 T3

= 2@ T+ g /G 1P — S/l 0+ 28/l 1P - 38/ G+ 2 4 6V 1

—6 log(\ﬁ/m +1)
Priklad 3 (1) fmdm
1 1 1
———dr = |y =logx,dy = —dx| =
/x(log3$—1) Y 85 =5 y3—1 Y
Parcialni zlomky:
1 1 A By+C

v—-1 —-D@P+y+1) y—-1 ¢y?4+y+1
1=Ay*+Ay+ A+ By - By+Cy—C

Porovnanim koeficientt dostavame:

0=A+DB
0=A-B+C
1=A-C

Regeni soustavy: A =1 B = —

37 7C

W=
winN

7t3—§t2+6t—610g\t+1| =
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hn1 y+2 2
/y3—1y / /y iy t+1Y u=v"+y (29 + 1)dy|

1 2y+4—-3+3 1 1 /1 1 1
= —logly—1]—= [ X" "y =-logly—1|—= [ ~du—= | ———dy =
3 logly — 1| /y+y+1 y=glogly—1 G/uu 2/y2+y+1y

1 1 1 1 1 2 1
—_1 —1l-Z1 e Ay =-1 1] - -1 oy =
30eg | 60gIU\ 2/(y+%)2+ Yy 3ogly | GOgIUI 3/ y

=~

1 1 2 /3 +1
é310g|3/_1|—610g|u‘—3\/;arctan y\/EQ =
4

L log |y — 1] - 11 W2y 1) — = arct (1 ( 1))

= —logly — o — —— arctan )=

3 log ly gly’ +y 7 7 5

1

glog|logx—1|—flog|log x+10gx+1|—3arctan< <10g:1:+ >>

Piiklad 3 (j) [ \/%Z5dx

z+2
Provedeme substituci: t = 4/ i—;_% Odvodme z,dz.

2 v—1 2 _ 9 B 9 =221

t—x+2:>t(ac+2)—x—1:>m(t —1)=—-1-2¢ = T="pm 1
—2t%2 -1 —4t(t? — 1) — (—2t2 — 1)2¢ —413 4 4t + 483 + 2t 6t

T ’ (=12 (=12 (=12
r—1 r—1 6t 61>
dz = |t = dr = ————dt| = [ s dt
/\/x-f— v T2 T o /(t2—1)2
Paricalni zlomky:

612 612 A B C D

E—12 =120+ =1 (=12 ix1 T urye
=(At—A+B)(*+2t+ 1)+ (Ct+C+D)(#* -2t +1)
t?2 = At? 4+ 2At% + At — At?> — 24t — A + Bt> + 2Bt + B+ Ct3 — 2Ct* + Ct + Ct? — 2Ct+
+C+Dt>?—2Dt+ D

Porovnanim koeficientt dostavame:

0=A+C
6=A+B-C+D
0=—-A+2B-C—
0=—-A+B+C+D

DSV ‘ L A_3pB_3 3 p_3
VyTeSenim soustavy dostaneme: A =35, B=5,C=—5,D = 3.
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1 3 1 3 1
dt — = | —dt+ = [ ——=dt =
2/t+1 +2/(t+1)2

e / s [ e
1 _

t—1
1

2

[ @

¢ 3

= —log|t — —————1 t+1] — ———
loglt =1l - 577 glt+ 1= 5577
31 z—1 3 1 3 x—1+1 3
—log|{/—— —-1|—-=——————=1o _— - =
2 T+ 2 2 1 2 T+ 2 2 1

§+2+1 §+2+1

Priklad 3 (k) [ 1v2? —2zdz
2t2
d p—
— YT ey

21

— tPr—2=1 = =
—4¢
dt =

2_1)2

t2

Plati, ze * — 2z = z(z — 2). Provedeme substituci ¢t = , /%5 (dle ndpovédy z teorie k 11. cviceni)
—4t
—1(t

)22

t? =
T —2

tQ -1 212
212 t2 —1

1
/\/x2—2xda::t: L,dx:
x x —2 (t2—1
4t 1
o dt =
/t+1 ESAE,

1
-1 (t—1)2

_/ —2 4t4—4t2(t2—1)dt_/
)tz 1) (12 —1)2 )t —1)2
1 1
—log|t+1 —— +loglt—1 —:
oglt+ 1|+ +1+0g[ | + —
x _1'+1
Vm—2 r 9
r—2

= —log 1/ ‘ ——— +log
Vi3 1
1
|t = Va,t’ = Va,t?
6

/x(1+2x/5+ V)
) t5dt:/t(2t3+t2+1)dt

=1 = dz =6t"dt| =

=z, x

1
/t6(1+2t3+t2
Polynom 2t% + t? + 1 mé4 ziejmé kofen —1. Z toho plyne nasledujici
Ct+D

6 6 A B
G+DCE—i+1) ¢ i+l @ —it1

+ (Ct+ D)(t* + 1)
Bt* + Bt + Ct* + Ct* + Dt* + Dt

t(2t3 + 2+ 1)
6= (At + A)(2t> —t +1) + Bt(2t* —t + 1)
At + At + 2At%2 — At + A+ 2Bt

6 = 2At3 —
3
2

Porovnanim koeficientt dostavame

0=B+D = D=-B

6=A

0=24+4+2B+C = —12—-2B=C
0=A-B+C+D 2 0=6-B-2B-12—-B — —-4B=6 — B =
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Regeni: A=6,B=-3C=-9D=3

/t(2t3~|—6t2+1)dt12 6/1dt; t_i_lldt+/2t29t:_+21dt
:6log|t|—2log]t+1|—2/mdt:
:6log]tl—§log]t+1]—3/ dy—% ;/2#—1t—i—1dt:
:6log|t|—Zlog]t+1|—ilog|y|—z/t2_;+%dt:
—610g]t]—210g]t+1|—ilog]y\—3/( ;2 ldt:
6

—610g]t|—glog]t—i—ﬂ—%log]y\—§ 76 ——dt =

BE
—610g]t]—glog]t+1|—ilog]y\—$-\f zQi—ldz_
éGlog]ﬂ—210g]t+1|—ilog]y\—2\3ﬁarctanz:
= 6log [t| — glog lt+ 1| — %10g|2t2 —t+1|— 2\3ﬁ arctan 4t\%1 =
:610g\6/5—210g(€/§+1)—ilog|2{”f—\6/§+1|—2\3ﬁarctan

y=20"—t+1,dy = (4t — 1)dt| =

49z —1

V7
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